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Abstract
Let S be a closed orientable surface with genus g  2. For a sequence σi in the Teichmüller space of S, which converges to
a projective measured lamination [λ] in the Thurston boundary, we obtain a relation between λ and the geometric limit of pants
decompositions whose lengths are uniformly bounded by a Bers constant L. We also show that this bounded pants decomposition
is related to the Gromov boundary of complex of curves.
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1. Introduction
Let S denote a closed orientable surface with genus g  2, and T (S) the Teichmüller space of S. Masur and
Wolf [12] showed that T (S) is not Gromov hyperbolic, and Thurston [17] introduced a compactification of T (S) with
the boundary equals to the space of projective measured laminations PML(S). Throughout this paper, we write T (S)
to denote the compactification of Thurston, and UML(S) the space of unmeasured laminations.
The complex of curves, which was introduced by Harvey [7], is a finite dimensional simplicial complex whose
vertices are non-trivial homotopy classes of simple closed curves which are not boundary-parallel, and k-simplices
are k + 1 distinct vertices with disjoint representatives. Let C0(S) denote the set of vertices and C1(S) its 1-skeleton.
In [10], Masur and Minsky defined a metric on C(S) by making each simplex regular Euclidean with side length 1
and taking shortest-path metric, and showed that C(S) is a non-proper Gromov hyperbolic space. Every Gromov
hyperbolic space has a natural boundary which is called Gromov boundary. We write ∂∞C(S) to denote the Gromov
boundary of C(S). In the following theorem of Klarreich, EL(S) is the image of filling laminations in UML(S)
(see [6] for a proof by Hamenstädt).
Theorem 1.1. (Klarreich [9]) There is a homeomorphism
k : ∂∞C(S) → EL(S)
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676 Y.D. Kim / Topology and its Applications 154 (2007) 675–682such that for any sequence αi in C0(S), αi converges to α ∈ ∂∞C(S) if and only if αi , considered as a subset of
UML(S), converges to k(α).
In the following theorem of Bers, T (Σ) stands for the Teichmüller space of Σ with geodesic boundaries.
Theorem 1.2. (Bers [1]) Let Σ be a compact Riemann surface with genus g  2 from which n points and m disks have
been removed. For any σ ∈ T (Σ), there exist 3g − 3 + n + m disjoint geodesics, which are not boundary parallel,
whose lengths are bounded by a constant L which depends only on g,n,m, and the largest length of the geodesics
homotopic to the boundaries of Σ .
The constant L is called a Bers constant. Notice that for the closed surface S, for any σ ∈ T (S), S has a pants
decomposition with total length bounded by a constant L which depends only on the genus g. In fact, Buser and
Seppälä [2] showed that we can choose L = 21g(3g − 3). Throughout this paper, we write L to denote a fixed Bers
constant.
Motivated by Theorem 1.2, we define a function Φ on T (S) as follows. For σ ∈ T (S), let
Φ(σ) = a pants decomposition whose total length is bounded by L,
where all pants curves are geodesics in σ . Let u :PML(S) → UML(S) be the quotient map by forgetting measure.
Throughout this section, assume that
σi ∈ T (S) converges to [λ] ∈ PML(S) in T (S) (1)
and αi is a pants curve in Φ(σi), where [λ] is the projective class of a measured lamination λ. In Section 4, we will
prove
Theorem 1.3. If λ is a filling lamination, then αi converges to u([λ]) in C(S) ∪ ∂∞C(S).
The main theorem of this paper is
Theorem 1.4 (Main Theorem). If Φ(σi) converges to a geodesic lamination ν in the Hausdorff metric topology, then
u([λ]) ⊂ ν.
The following theorem on the structure of a geodesic lamination on S works for any hyperbolic surface of finite
type.
Theorem 1.5. [3, §4.2] A geodesic lamination on S is the union of finitely many minimal sublaminations and of finitely
many infinite isolated leaves whose ends spiral along the minimal sublaminations.
Furthermore, if [λ] ∈ PML(S) then we can decompose u([λ]) as a finite disjoint union of minimal laminations,
u
([λ])= λ1 ∪ λ2 ∪ · · · ∪ λm. (2)
An essential subsurface F of S is a subsurface of S whose boundaries are all homotopically non-trivial geodesics.
Throughout this paper, we assume that all essential subsurfaces of S are open, i.e. the boundaries are not included.
Suppose that μ ∈ UML(S). An essential subsurface F is called filled by μ, if for any simple closed curve α in F
which is not parallel to a boundary of F , α intersects μ. There is no minimal lamination which fills a pair of pants
(see [14, §2.6]), therefore in Eq. (2), if λk is not a simple closed curve then the essential subsurface filled by λk is at
least a 1-holed torus or 4-holed sphere.
We write a · b to denote the algebraic intersection number of a and b. Suppose that in Eq. (2), λ1 is a simple closed
curve. Consider an annular covering Y of S in which a neighborhood of λ1 lifts homeomorphically. The following
corollary follows from the main theorem.
Corollary 1.6. Suppose that αi meets λ1 for all i. Then |a1 · ai | approaches to ∞, where ai is a lift of αi for each i.
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Notice that there exists a pants curve αi in Φ(σi) such that αi ∩F = ∅ for all i. Let βi be a component of αi ∩F . We
will prove the following theorem which is a generalization of Theorem 1.3, where β˜i is obtained from βi by surgery.
Theorem 1.7. The geodesic representative of β˜i converges to λ2 in UML(F ).
In Section 2 we study some preliminaries. We prove the main theorem in Section 3, and in the last section we prove
Corollary 1.6 and Theorem 1.7.
2. Preliminaries
Consider a fixed hyperbolic structure σ on S. A geodesic lamination μ is a closed subset of S, which is a disjoint
union of simple geodesics which are called leaves of μ. The leaves of a geodesic lamination are complete, i.e. each
leaf is either closed or has infinite length in both of its ends, and a geodesic lamination is determined by its support,
i.e. a geodesic lamination is a union of geodesics in just one way. A geodesic lamination of (S,σ ) can be related to
one on (S,σ ′) via S1∞, because for any two points σ and σ ′, there is a natural map of the circle which takes endpoints
of a geodesic lamination of one to endpoints of geodesic lamination of the other. Therefore we write GL(S) to denote
the space of geodesic laminations on S without reference to the specific metric. GL(S) is equipped with the Hausdorff
metric on closed subsets. Note that GL(S) is compact, and therefore every infinite sequence of nontrivial simple closed
geodesics has a convergent subsequence.
If X is compact and metrizable, in particular for S, the Chabauty topology agrees with the topology induced by the
Hausdorff metric. The following lemma will turn out to be useful.
Lemma 2.1. [3, §3.1] Suppose that X is a locally compact metric space. A sequence An of closed subsets of X
converges to a closed subset A in the Chabauty topology if and only if
(i) If xnk ∈ Ank converges to x ∈ X then x ∈ A.
(ii) If x ∈ A, then there exists a sequence xn ∈ An which converges to x.
A geodesic lamination could be considered as a closed subset of
M = (S1∞ × S1∞ − Δ)/Z2,
where Δ = {(x, x)} is the diagonal and Z2 acts by interchanging coordinates. The Chabauty topology on GL(S) as
closed subsets of M is equivalent to the Chabauty topology on GL(S) as closed subsets of H2. Therefore
Lemma 2.2. If μi converges to μ in GL(S) in the Hausdorff metric topology, then for any geodesic  ⊂ μ, there exist
geodesics i ⊂ μi which converge to .
A nonempty geodesic lamination is called minimal if no proper subset is a geodesic lamination. For example, any
simple closed geodesic is a minimal lamination. If μ is a minimal lamination then either μ is a single geodesic or
consists of uncountably many leaves (see [3, §4.2] for a proof).
A transverse measure on a geodesic lamination μ is a rule, which assigns to each transverse arc α a measure that is
supported on μ ∩ α, which is invariant under a map from α to another arc β if it takes each point of intersection of α
with a leaf of μ to a point of intersection β with the same leaf. A measured lamination on S is a geodesic lamination
μ with a transverse measure of full support, i.e. if α ∩ μ = ∅ then α has nonzero measure for any transverse arc α.
We write ML(S) to denote the space of measured laminations on S. There is a natural action of R+ on ML(S). For
r > 0, the measured lamination rμ is the same geodesic lamination as μ with the transverse measure scaled by r .
PML(S) is the set of equivalence classes of measured laminations. On ML(S), Thurston gave the weak-topology
induced by the measures on transverse arcs. Note that PML(S) has the natural quotient topology. UML(S) is the
quotient space of PML(S) by forgetting measure. Although UML(S) is a subset of GL(S), the quotient topology on
UML(S) is not equal to the subspace topology. The support of a measured lamination has no infinite isolated leaves,
therefore by Theorem 1.5, it is a finite disjoint union of minimal sublaminations. Thurston proved (see [16])
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(2) R × C0(S) is dense in ML(S), and C0(S) is dense in PML(S).
Suppose that α,β ∈ C0(S). The geometric intersection number i(α,β) is the minimal number of intersections of
any two their representatives. For a transverse arc α to μ ∈ ML(S), we write ∫
α
dμ to denote integration of the
transverse measure over α. For a simple closed curve γ , let
i(μ, γ ) = inf
γ ′
∫
γ ′
dμ,
where the infimum is taken over all the simple closed curves γ ′ which are homotopic to γ . For a general transverse
arc α, we define
i(μ,α) = inf
α′
∫
α′
dμ,
where the infimum is taken over all the arcs α′ which are homotopic to α with endpoints fixed. Note that, in both
cases, the infimum is realized by the unique geodesic in the corresponding homotopy class.
Suppose that μ ∈ML(S), γ ∈ C0(S) and r ∈ R+, let i(μ, rγ ) = ri(μ,γ ). The intersection number i extends to
a continuous symmetric function on ML(S) ×ML(S) (see [19] or [15] for a proof). A lamination μ ∈ML(S) is
called a filling lamination if i(μ,μ′) = 0 then support(μ) = support(μ′), for any μ′ ∈ML(S).
2.1. Topology of T (S)
The topology on T (S) = T (S) ∪PML(S) is determined by the following two properties.
(P1) T (S) is open in T (S).
(P2) σi ∈ T (S) converge to [λ] ∈ PML(S) if and only if, for all simple closed curves α, β on S with i(β,λ) = 0,
σi (α)
σi (β)
converges to
i(α,λ)
i(β,λ)
,
where σi (α) is the length of closed σi -geodesic which is homotopic to α, and extended to length of any geodesic
lamination by continuity (see [8]).
Suppose that μi ∈ML(S). We write μi → ∞ to denote that there exists α ∈ C0(S) such that i(α,μi) converges
to ∞. The following theorem is the most useful theorem in this paper. The measured laminations μi in the theorem
were constructed in [5,13] and [18, §9].
Theorem 2.3. [19, Theorem 2.2] A sequence σi ∈ T (S) converges to [λ] ∈ PML(S) if and only if there is a sequence
μi ∈ML(S) converging projectively to λ such that μi → ∞ and σ1(μi) → ∞ but σi (μi) remains bounded, and
for all ν ∈ML(S), there exists a constant C > 0 such that
i(ν,μi) σi (ν) i(ν,μi) + Cσ1(ν).
In particular, for each γ ∈ C0(S), there exists a constant Γ > 0, which does not depend on i such that
i(γ,μi) σi (γ ) i(γ,μi) + Γ. (3)
2.2. The annulus complex
Consider an oriented annulus Y = S1 ×[0,1]. We writeA0(Y ) to denote the set of arcs joining S1 ×{0} to S1 ×{1},
up to homotopy with endpoints fixed. Suppose that a, b ∈A0(Y ) and they do not share any endpoints. Notice that a
and b inherit orientations from the orientation of [0,1]. Therefore we can define the algebraic intersection number
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(a1,1). Notice that these endpoints are determined by a, up to Z, and
a · b = b1 − a1 − b0 − a0,
where x denotes the largest integer less than or equal to x. It follows that
a · c = a · b + b · c + Δ with Δ ∈ {0,1,−1} (4)
for all a, b, c ∈A0(Y ) such that the intersection numbers are defined (see [4] for details).
2.3. The theorem of Masur and Minsky, and of Klarreich
Klarreich used Teichmüller theory and the results of Masur and Minsky in [10], to prove Theorem 1.1. It is clear
that ∂∞C(S) is homeomorphic to the Gromov boundary of its 1-skeleton C1(S) because they are quasi-isometric.
Suppose that ε > 0 satisfies the collar lemma. For each α ∈ C0(S), let T (α) = {σ ∈ T (S) | σ (α) < ε}. Then a col-
lection of sets T (α1), . . . ,T (αn) has nonempty intersection if and only if α1, . . . , αn form a simplex in C(S). The
set Tel(S) is defined from T (S), by adding a new point Pα for each set T (α) and an interval of length 12 from Pα to
each point in T (α). Tel(S) equipped with the minimal path-metric is called the relative Teichmüller space. In [10],
Masur and Minsky showed that Tel(S) is quasi-isometric to C1(S), and Klarreich showed that the Gromov boundary
of Tel(S) is homeomorphic to the space of topological equivalence classes of minimal singular foliations on S, which
is homeomorphic to EL(S).
3. Proof of Main Theorem (Theorem 1.4)
Recall the decomposition of u([λ]) in Eq. (2). To prove λk ⊂ ν for all 1 k m, we consider the following two
cases.
Case I: λk is a simple closed curve
If λk ⊂ Φ(σi) for infinitely many i, then it is clear that λk ⊂ ν. If λk ⊂ Φ(σi) for only finitely many i, then there
exists N1 > 0 such that λk ⊂ Φ(σi) for all i > N1. Since Φ(σi) is a pants decomposition, there exists a pants curve αi
in Φ(σi) such that αi ∩ λk = ∅ for all i > N1. Choose xi ∈ αi ∩ λk and a limit point x of xi . By Lemma 2.1, there
exists a leaf  of ν such that x ∈ . If  = λk , we are done.
Assume  = λk . We will arrive at a contradiction. Choose an open neighborhood U of x which is isometric to an
open subset of H2 (see Fig. 1). Since S is compact, by Lemma 2.2, there exists a pants curve αi in Φ(σi) such that an
arc βi ⊂ αi converges to  ∩ U . Therefore there exists N2 > 0 such that
i(αi, λ)
∫
βi
dλk = r > 0 for all i > N2,
where r > 0 is the transverse measure on λk .
Fig. 1. The open neighborhood U .
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cj > 0 such that cjμj converges to λ in ML(S) with limj→∞ cj = 0. Notice that there exists N3 > 0 which does not
depend on i such that
i(αi, cjμj )
r
2
for all i, j > N3.
Therefore i(αi,μj ) goes to ∞ as i, j → ∞. But from Eq. (3), we have i(αi,μi)  σi (αi)  L for all i. This is
a contradiction.
Case II: λk is not a simple closed curve
Let F be the essential subsurface of S which is filled by λk . Since Φ(σi) is a pants decomposition for all i, we
have ν ∩ F = ∅. Assume λk ⊂ ν in the next two paragraphs, We will arrive at contradictions.
Suppose that ν ∩ λk = ∅. Notice that ν ∪ λk is a geodesic lamination, too. By Theorem 1.5, we can decompose
ν∪λk as a finite disjoint union of minimal lamination, including λk , and finite number of infinite isolated leaves. Since
λk is a filling lamination in F , any isolated infinite leaf cannot intersect F . Thus ν ∩ F = ∅. This is a contradiction.
Suppose that ν ∩ λk = ∅. There exists a leaf  of ν which intersects λk transversely. Choose an open neighborhood
V which is isometric to an open subset of H2, and in which  intersects λk transversely. As in Case I, there exists a
pants curve αi in Φ(σi) and arc βi ⊂ αi such that βi converges to  ∩ V . Therefore there exist r > 0 and N > 0 such
that
i(αi, λ)
∫
βi
dλk = r > 0 for all i > N.
As in Case I, using Theorem 2.3, we can show that this is a contradiction.
4. Proof of Corollary 1.6 and Theorem 1.7
4.1. Proof of Corollary 1.6
Choose a neighborhood U of λ1 which lifts homeomorphically. We may assume that U is a closed collar around λ1
and U does not intersect λk for all k = 1. Let ai be a lift of αi . Assume that |a1 · ai | does not approach to ∞ in the
next paragraph. We will arrive at a contradiction.
There exists a subsequence of ai , which we will call ai again for the sake of simplicity, such that |a1 ·ai | = k for all
i for some k ∈ N ∪ {0}. We may assume that a1 · ai = k without loss of generality. Suppose that i  3. From Eq. (4),
we have a1 · ai = a1 · a2 + a2 · ai + Δ, where Δ ∈ {−1,0,1}. Therefore
|a2 · ai | 1 for all i  3.
Let βi be a component of αi ∩ U . The bound on the intersection number implies that there is a compact set K ⊂ H2
such that there exists a lift of βi in K for all i. A geodesic arc in H2 is determined by its two endpoints. Therefore
there exists a subsequence of βi , which we will call βi again, which converges to a geodesic arc β in Hausdorff metric
topology with i(β,λ1) = 0. For this subsequence
βi ⊂ αi ⊂ Φ(σi),
Φ(σi) still converges to ν in Hausdorff metric topology. Notice that λ1 ⊂ ν. This is a contradiction to Theorem 1.4.
4.2. Proof of Theorem 1.7
Let F be the subsurface of S which is filled by λ2 (see Fig. 2). Notice that there exists a pants curve αi in Φ(σi)
with αi ∩ F = ∅ for all i. Let βi be a component of αi ∩ F . As in Lemma 2.2 of [11], let β˜i be a non-peripheral
essential component of the boundary of regular neighborhood of βi ∪ ∂F , where F is the completion of F with path-
metric. Notice that two different components of ∂F could be a same curve in S, and if βi is a closed curve, then β˜i is
homotopic to βi . Recall that λ2 is not a closed curve. Since F is filled by λ2, it cannot be a disk, an annulus or a pants.
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Therefore, the regular neighborhood of βi ∪ ∂F has a boundary component which is non-peripheral and essential
in F . Suppose that ∂F = {γ1, . . . , γk} and let
σi (∂F ) = σi (γ1) + · · · + σi (γk).
Let σi (β˜i) be the length of geodesic representative of β˜i in σi . From the definition of β˜i , we have
σi (β˜i) < 2σi (αi) + σi (∂F ). (5)
To prove Theorem 1.7, it is enough to show that the geodesic representative of β˜i converges to λ2 in UML(S).
For any limit point [β] of [β˜i] in PML(S), we will show that i(β,λ2) = 0. Then Theorem 1.7 follows from the fact
that λ2 fills F .
Lemma 4.1. If [β] is a limit point of [β˜i] in PML(S), then i(β,λ2) = 0.
Proof. Suppose that [β] is a limit point of [β˜i]. After possibly restricting to a subsequence, we may assume that [β˜i]
converges to [β] in PML(S). There exist a constant K > 0 and a sequence bi > 0 such that biβ˜i converges to β in
ML(S) with bi K for all i.
Choose μi ∈ ML(S) as in Theorem 2.3. Since μi converges to [λ] ∈ PML(S) with μi → ∞, there exists a
sequence ci > 0 such that ciμi converges to λ in ML(S) with ci → 0. By Eq. (3), there exists Γ > 0 which does not
depend on i such that i(∂F ,μi) σi (∂F ) i(∂F ,μi) + Γ . Therefore
i(∂F , ciμi) ciσi (∂F ) i(∂F , ciμi) + ciΓ.
Since i(∂F ,λ) = 0, from the continuity of the intersection number, we have
lim
i→∞ ciσi (∂F ) = 0. (6)
From Eqs. (3) and (5), we have
i(β˜i ,μi) σi (β˜i) 2σi (αi) + σi (∂F ).
Therefore
i(bi β˜i , ciμi)K
(
2ciL + ciσi (∂F )
)
.
Hence from Eq. (6) and the continuity of the intersection number, we have i(β,λ) = 0. Thus i(β,λ2) = 0. 
4.3. Theorem 1.3 follows from Theorem 1.7
Suppose that σi ∈ T (S) converges to [λ] ∈ PML(S) in T (S), and αi is a pants curve in Φ(σi). If λ is a filling
lamination, from Theorem 1.7, then αi converges to u([λ]) in UML(S). Therefore if we identify ∂∞C(S) with EL(S)
via the homeomorphism k in Theorem 1.1, we have Theorem 1.3.
Acknowledgements
This paper is a part of PhD thesis of the author (May 2005, Stony Brook University). The author would like to
express his deepest gratitude to his advisor Yair Minsky at Yale University for suggesting this topic, and for his
patient guidance and continuous encouragement. The author also would like to thank the referee for many useful
suggestions.
682 Y.D. Kim / Topology and its Applications 154 (2007) 675–682References
[1] L. Bers, An inequality for Riemann surfaces, in: Differential Geometry and Complex Analysis, Springer, Berlin, 1985, pp. 87–93.
[2] P. Buser, M. Seppälä, Symmetric pants decompositions of Riemann surfaces, Duke. Math. J. 67 (1) (1992) 39–55.
[3] R.D. Canary, D.B.A. Epstein, P. Green, Notes on notes of Thurston, in: D.B.A. Epstein (Ed.), Analytical and Geometrical Aspects of Hyper-
bolic Spaces, in: London Math. Lecture Note Ser., vol. 111, Cambridge University Press, Cambridge, 1987, pp. 3–92.
[4] B. Farb, A. Lubotzky, Y. Minsky, Rank-1 phenomena for mapping class group, Duke. Math. J. 106 (3) (2001) 581–597.
[5] A. Fathi, F. Laudenbach, V. Poenaru, Travaux de Thurston sur les surfaces, Asterisque, vols. 66–67, 1979.
[6] U. Hamenstädt, Train tracks and the Gromov boundary of the complex of curves, math.GT/0409611.
[7] W.J. Harvey, Boundary structure of the modular group, in: Riemann Surfaces and Related Topics, in: Ann. of Math. Stud., vol. 97, Princeton
University Press, Princeton, NJ, 1981, pp. 245–251.
[8] S.P. Kerckhoff, The Nielsen realization problem, Ann. of Math. 117 (1983) 235–265.
[9] E. Klarreich, The boundary at infinity of the curve complex and the relative Teichmüller space, Preprint, 1998.
[10] H. Masur, Y. Minsky, Geometry of the complex of curves I, hyperbolicity, Invent. Math. 138 (1999) 103–149.
[11] H. Masur, Y. Minsky, Geometry of the complex of curves II, hierarchical structure, Geom. Funct. Anal. 10 (2000) 902–974.
[12] H. Masur, M. Wolf, Teichmüller space is not Gromov hyperbolic, Ann. Acad. Sci. Fenn. Ser.A/Math. 20 (2) (1995) 259–267.
[13] A. Papadopoulos, On Thurston’s boundary of Teichmüller space and the extention of earthquakes, Topology Appl. 41 (3) (1991) 147–177.
[14] R.C. Penner, An introduction to train tracks, in: Low-Dimensional Topology and Kleinian Groups, in: London Math. Soc. Lecture Note Ser.,
vol. 112, Cambridge University Press, Cambridge, 1986, pp. 77–90.
[15] M. Rees, An alternative approach to the ergodic theory of measured foliations on surfaces, Ergodic Theory Dynamical Systems 1 (1981)
461–488.
[16] W. Thurston, The Geometry and Topology of 3-Manifolds, Princeton University Lecture Notes, 1982.
[17] W. Thurston, Three-dimensional manifolds, Kleinian groups and hyperbolic geometry, Bull. Amer. Math. Soc. 6 (1982) 357–381.
[18] W. Thurston, Minimal stretch maps between hyperbolic surfaces, math.GT/9801039.
[19] W. Thurston, Hyperbolic structures on 3-manifolds II: Surface groups and 3-manifolds which fiber over the circle, math.GT/9801045.
